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1.  Introduction 
By a graph, we mean a finite, undirected graph without loops and multiple 
edges, for terms not defined here, we refer to Harary [2]. For standard 
terminology and notations related to graph labeling, we refer to Gallian [1]. In 
[4], Tharmaraj et al. introduce the concept of an analytic mean labeling of 
graph. Analytic mean labeling of various types of graphs are presented in [3,5]. 
The brief summaries of definition which are necessary for the present 
investigation are provided below. 

2.  Definitions  
Definition 2.1  
A graph labeling is the assignment of unique identifiers to the edges and 
vertices of a graph. 

Definition  2.2 [6] 
The shadow graph D2(G) of a connected graph G is obtained by taking two 
copies of G say G and G. Join each vertex u in G to the neighbors of the 
corresponding vertex u in G. 

Definition 2.3 [4] 
A (p,q) graph G(V,E) is said to be an analytic mean graph if it is possible to 
label the vertices v in V with distinct from 0,1,2,…, p−1 in such a way that 

when each edge e = uv is labeled with 
2

|[f(v)][f(u)]|uv)(ef
22 

   

if |[f(u)]2-[f(v)]2| is even and  

   2
1|[f(v)][f(u)]| 22 

  

if |[f(u)]2-[f(v)]2| is odd and the edge labels are distinct. In this case, f is called 
an analytic mean labeling of G. A graph with an analytic mean labeling is called 
an analytic mean graph. 

3.  Main Results 
Theorem : 3.1 
Let G be any analytic mean graph of order m ( 3) and size q, and K2,n be a 
bipartite graph with the bipartition V = V1  V2 with V1 = {w1, w2} and V2 = 
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{u1,u2,...,un}. Then the graph n2,KG   obtained by identifying the vertices w1 
and w2 of K2,n with that labeled 0 and labeled 2 respectively in G is also analytic 
mean graph. 

Proof  
Let G be a graph of order m and size q.  
Let v1,v2,...,vm and e1,e2,...,eq be the vertices and edges of G. 
Let G be any analytic mean graph with mean labeling f.  
Then the induced edge labels of G are distinct and lies between  

1 to 
2

1)(m 2
(or)

2
11)(m 2 

. 

Let vj and vk be the vertices having the labels 0 and 2 in G. 
Let V = V1V2 be the bipartition of K2,n such that  
V1 = {w1,w2} and V2 = {u1, u2,..., un}.  
Now identify the vertices w1 and w2 of K2,n with that labeled 0 and labeled 2 
respectively in G. 
Define h :  V(G)  {0,1,2,…, m+n−1} by h(vi) = f(vi) for 1  i  m  

 h(ui) = m + i-1 for 1  i  n  

Let h* be the induced edge labeling of h. Then h*(ei) = f*(ei) for 1  i  q 

For 1  i  n 

 h*(vjui) = 















even is 1im if
2

1)i(m

odd is  1im if
2

11)i(m

2

2

 

 h*(vkui) = 
















even is 1im if
2

41)i(m

odd is  1im if
2

31)i(m

2

2

 

Then the induced edge labels K2,n are distinct and lies between  

 
2

4m2 
(or) 

2
3m2 

and  
2

1)n(m 2
 (or) 

2
11)n(m 2 

. 

Also, the induced edge labels of G are distinct and lies between  
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 1 and 
2

1)(m 2
(or)

2
11)(m 2 

. 

Then the induced edge labels of n2,KG  are distinct. Hence n2,KG   is 
analytic mean graph. 

Example 3.1 
Analytic mean labeling of G and 2,5KG   are given in figure 3.1.  

 

  G 
 
    Figure 3.1 
 
  2,5KG   

 
 
 
 
Theorem 3.2 
Let G be any analytic mean graph of order m ( 4) and size q, and K3,n be a 
bipartite graph with the bipartition  
       V = V1  V2 with V1 = {w1, w2, w3}  
and V2 = {u1, u2,..., un}.  
Then the graph n3,KG   obtained by identifying the vertices w1, w2 and w3 of 
K3,n with that labeled 0, labeled 2 and labeled 3 respectively in G is also analytic 
mean graph. 

Proof 
Let G be a graph of order m and size q. 
Let v1,v2,...,vm and e1,e2,...,eq be the vertices and edges of G. 
Let G be any analytic mean graph with mean labeling f.  
Then the induced edge labels of G are distinct and lies between  

 1 to 
2

1)(m 2
(or)

2
11)(m 2 

. 

Let vj, vk and vr be the vertices having the labels 0,2 and 3 in G. 
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Let V = V1V2 be the bipartition of K3,n such that V1 = {w1, w2, w3} and V2 = 
{u1, u2,..., un}. Now identify the vertices w1, w2 and w3 of K3,n with that labeled 
0, labeled 2 and labeled 3 respectively in G. 
Define h : V(G)  {0,1,2,…, m+n−1} by 
h(vi) = f(vi) for 1  i  m  
h(ui) = m + i-1 for 1  i  n  
Let h* be the induced edge labeling of h.  
Then h*(ei) = f*(ei) for 1  i  q 
 

For 1  i  n 

 h*(vjui) = 















even is 1im if
2

1)i(m

odd is  1im if
2

11)i(m

2

2

 

 h*(vkui) = 















even is 1im if
2

41)i(m

odd is  1im if
2

31)i(m

2

2

 

 h*(vrui) = 















even is 1im if
2

81)i(m

odd is  1im if
2

91)i(m

2

2

 

Then the induced edge labels K3,n are distinct and lies between 
2

9m2 
 (or) 

2
8m2 

and 
2

1)n(m 2
 (or) 

2
11)n(m 2 

. 

Also, the induced edge labels of G are distinct and lies between  

 1 and 
2

1)(m 2
(or)

2
11)(m 2 

. 

Then the induced edge labels of n3,KG  are distinct.  

Hence n3,KG   is analytic mean graph. 



  

___________________________________________ 

ReTeLL (April 2016), Vol. 16 

~122~

2

98

1

6

3

4 5

0

7

2 13

4 5

0

Example 3.2 
Analytic mean labeling of G and 3,4KG   are given in figure 3.2.  

 
 
  G  
 
 
 
 
  3,4KG   

 
 
 
 
 
 

Figure 3.2 
Theorem 3.3 
D2(K1,n) is an analytic mean graph. 

Proof 
Let v, v1, v2, …, vn be the vertices of the first copy of K1,n and n21 v ... ,v,v ,v   
be the vertices of the second copy of K1,n where v and v  are the respective 
apex vertices.  

 Let G be D2(K1,n).  
 Then |V(G)| = 2n + 2 and |E(G)| = 4n.  

Define f : V(G)  {0,1,2,…, 2n+1} by 
 f(v) = 0,  

 f( v ) = 2,  

 f(vi) = 2i-1, for 1  i  n 

 f( nv ) = 2n+1,  

 f( iv ) = 2i+2, for 1  i  n–1  
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Let f* be the induced edge labeling of f.  Then 

 f*(vvi) = 
2

11)(2i 2 
, for 1  i  n 

 f*(v iv ) = 
2

2)(2i 2
, for 1  i  n–1 

  f*(v nv ) =
2

11)(2n 2 
 

 f*( v vi) = 
2

31)(2i 2 
, for 1  i  n 

 f*( v iv ) = 
2

42)(2i 2 
, for 1  i  n–1 

  f*( v nv ) =
2

31)(2n 2 
 

Then the induced edge labels are {1,2,3,…, 
2

11)(2n 2 
}. 

Therefore, D2(K1,n) is an analytic mean graph. 
 
Example 3.3 
Analytic mean labeling of D2(K1,4) is given in figure 3.3. 
 
 
 
 
 
 
 
 
 

Figure 3.3 
 
4.  Conclusion 
In this paper, an analytic mean labeling of n2,KG  , n3,KG  and D2(K1,n) are 
presented. 
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